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Abstract
We investigate quantum eld theory in a bulk space with boundary, which represents
a 3-brane. The basic idea is to keep locality (microcausality) only on the brane, giving up
this requirement in the bulk. We explore the consequences of this proposal, constructing
a large family of nonlocal bulk elds, whose brane relatives are local. We estimate the
ultraviolet behavior of these local brane elds, characterizing a subfamily which generates
renormalizable theories on the brane. The issue of brane conformal invariance and the
relation between bulk and brane conserved currents are also examined in this framework.
Both flat and anti-de Sitter backgrounds are considered.
March 2001
1 Introduction
Triggered by the fast development of brane theory (cf.[1] and references therein) and the
revival [2, 3, 4] of the attractive idea [5] to consider the observable universe as a three-
brane embedded in a space with more (non)compact dimensions, there is recently great
interest in quantum eld theory with extra space dimensions. The intriguing fact that
strongly motivates the investigation of such a scenario is the possibility [6] to test it ex-
perimentally at high-energy colliders. In the context of electroweak interactions, extra
dimensions provide new mechanisms for symmetry breaking [7, 8] and the generation of
fermion mass hierarchies [2, 4, 9, 10]. Despite of the great progress in the subject, some
relevant phenomenological and theoretical questions are still open. Among others, we
have in mind the following general problem. Let fig be a system of quantum elds
propagating in a bulk space M with extra dimensions and with a nontrivial boundary
∂M, representing our 3+1 dimensional space-time (3-brane). The problem is to charac-
terize the elds fϕig induced by fig on ∂M. In the spirit of [11, 12], the correspondence
between fϕig and fig is a kind of holography. Since in passing from M to ∂M one is
suppressing spatial dimensions, it is not surprising that local elds in the bulk give rise
to local elds on the brane. For a complete understanding of the holographic correspon-
dence however, it is essential to know also whether there exist bulk elds, which in spite
of being nonlocal in M, induce local elds on the brane ∂M. The physical relevance of
this question stems from the observation that locality, which is a crucial prerequisite on
the brane, in principle may be violated in the bulk. The main goal of the present paper
is to explore this possibility. We explicitly construct a class of nonlocal bulk elds fig
which induce local elds fϕig on ∂M, respecting all fundamental physical requirements
like Poincare invariance, spectral condition and positivity. We rst investigate the char-
acteristic features of fϕig, focusing afterwards on two distinguished subfamilies which
generate renormalizable and conformal invariant brane theories respectively. We analyze
also some related aspects concerning the interplay between bulk and brane symmetries,
studying in particular brane vector currents induced by conserved currents in the bulk.
We start by considering a flat bulk space M and then discuss the case when M is a slice
of anti-de-Sitter (AdS) space-time, which attracts much attention [13, 14, 15] in relation
with the Randall-Sundrum proposal [10, 16] for brane localization of gravity.
The paper is organized as follows. In the next section we describe the framework and
construct a specic class of bulk elds and their brane relatives. We examine in detail the
influence of the brane on the quantization, detecting and parametrizing the freedom left
after imposing the boundary conditions. The central points are the analysis of locality
and the issues of renormalizability and conformal invariance. In section 3 we establish
2
a bridge between bulk and brane symmetries. Here we derive also Ward identities on
the brane. Section 3 extends the formalism to an AdS background. The last section is
devoted to our conclusions.
2 Quantization in the presence of a brane
The purpose of this section is to develop a general framework for studying quantum elds
induced on branes. For a bulk space we take the manifold M = R4 R+, where R+ is
the half line fy 2 R : y > 0g. It is convenient to adopt the coordinates (x, y) 2 R4R+






, diag g = (1,−1,−1,−1) , α, β = 0, ..., 4 . (1)
The boundary ∂M coincides with the 3+1-dimensional Minkowski space M3+1  fR4, gg,
representing the 3-brane.
In order to illustrate in its simplest form the general mechanism for inducing quantum
elds on M3+1 from M = R4 R+, we consider a free Hermitian scalar eld with mass

















d4x :  : (x, 0) , (2)
where η 2 R and : ... : indicates the normal product with respect to the creation and
annihilation operators introduced few lines below. The variation of S0 gives both the




(x, y) = 0 , (3)
and the so called mixed boundary condition
lim
y#0
(∂y − η)(x, y) = 0 . (4)
The parameter η has dimension of a mass; in the limits η ! 0 and η ! 1 one recovers
from (4) the Neumann and Dirichlet boundary conditions respectively.
We quantize eqs.(3,4) using the operator formalism, which allows a better control on
locality and positivity then the functional integral approach. As already explained in [17],
stability considerations imply the lower bound
η  −M , (5)
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0+ipx , ωm2(p) =
p
p2 +m2 , (7)
ψ(y, λ) = e−iλy +
λ− iη
λ+ iη
eiλy , ψb(y) = θ(−η)
p
2jηj eηy , (8)
and the bar stands for complex conjugation. The basic ingredients of the superposition
(6) are essentially two:
(i) the system of eigenfunctions (7,8);
(ii) the set fa(p, λ), a(p, λ), b(p), b(p) : p 2 R3 , λ 2 R+g of creation and annihila-
tion operators.
The analytic structure (i) is uniquely determined by the equation of motion (3) and the
boundary condition (4). Besides the familiar plane waves Em2(x,p), Eq.(6) involves the
functions (8) related to the Hamiltonian operator −∂2y on R+: ψ(y, λ) describe scattering
states, whereas ψb(y) is the unique bound state (with energy −η2) present only for η < 0.








1 if α > 0 ,
0 if α  0 . (10)
Concerning the algebraic input (ii), there is certain freedom reflecting an intrinsic
feature of the system under consideration, namely, the breakdown of bulk Poincare in-
variance due to the brane. This freedom can be parametrized by a pair (σ, σb), where σ(λ)
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is a distribution on [0,1) and σb 2 R. Any (σ, σb) denes an algebra A(σ,σb) generated
by fa(p, λ), a(p, λ), b(p), b(p)g subject to the constraints:
[a(p1, λ1) , a
(p2, λ2)] = (2pi)4 δ(p1 − p2) σ(λ1) δ(λ1 − λ2) , (11)
[a(p1, λ1) , a(p2, λ2)] = [a
(p1, λ1) , a(p2, λ2)] = 0 , (12)
[b(p1) , b
(p2)] = (2pi)3 σb δ(p1 − p2) , (13)
[b(p1) , b(p2)] = [b
(p1) , b(p2)] = 0 . (14)
The requirement of positivity of the metric in the Fock representations F(A(σ,σb)) ofA(σ,σb)
implies the restrictions
σ(λ)  0 , σb  0 . (15)
The data (σ, σb) have a deep structural impact on dierent levels. We focus rst on
the equal-time -commutators generated by (11, 13). The nontrivial one is
(∂0)(x









ψ(y1, λ)σ(λ)ψ(y2, λ) + θ(−η)σbψb(y1)ψb(y2)

(16)
and represents a generalization of the standard canonical commutation relation. Because
of (9), one recovers the latter for (σ, σb) = (1, 1). We therefore conclude that the pair
(σ, σb) parametrizes a class S of generalized canonical structures, compatible with the
space-time symmetries in the bulk. It will be shown later on, that besides this bulk
interpretation, (σ, σb) has a clear physical meaning also from the brane view point.
Let us investigate now the locality properties of . One easily derives








(λ cosλy1 + η sinλy1) (λ cosλy2 + η sinλy2)DM2+λ2(x12) , (17)






e−ipx[θ(p0)− θ(−p0)] 2piδ(p2 −m2) , p = (p0,p) , (18)
is the well-known Pauli-Jordan function in M3+1. In (17) and in what follows, the in-
tegration in λ is understood in the sense of distributions, i.e. after smearing with test
functions in (x1, y1) and (x2, y2). One can demonstrate [17] that  is a local eld for
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(σ, σb) = (1, 1). We observe in passing that this property is not so straightforward as on
manifolds without boundaries, because one must take into account [18, 19] that signals
propagating in the bulk are reflected from the brane as well. For generic (σ, σb) 6= (1, 1)
the eld  is nonlocal, i.e. there exist space-like separated points (x1, y1) and (x2, y2) in
which the right hand side of eq.(17) does not vanish. Nevertheless, we will prove below
that locality (i.e. microscopic causality) is restored on the brane.
We have shown so far that even for a xed boundary condition (4), the quantization of
the action S0 is not unique if the requirement of locality in the bulk is relaxed. Each pair
(σ, σb) 2 S denes by means of eqs.(6,11,13) a bulk eld , which is in general nonlocal,
though generated by a local bulk action. As already mentioned, the origin of this unusual
feature is the defect, produced in the bulk by the brane. Being codied in the algebra
A(σ,σb), this is a genuine quantum phenomenon.
The two-point vacuum expectation value (Wightman function) of  in the Fock space
F(A(σ,σb)) reads














is the two-point scalar function of mass m2 in M3+1. Since  is a free eld, eq.(19)
completely xes all of its correlation functions. The latter dene via
hϕ(x1)   ϕ(xn)i0 = lim
yi#0
h(x1, y1)   (xn, yn)i0 , (21)
the eld ϕ induced on the brane. The existence of the limit can be veried directly by
means of eq. (19). The fundamental features of ϕ are encoded in the two-point function






WM2+λ2(x12) + 2σb θ(−η)jηjWM2−η2(x12) . (22)




dλ2 %(λ2)Wλ2(x12) , (23)
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with
%(λ2) = θ(λ2 −M2)
p
λ2 −M2 σ(pλ2 −M2 )
pi(λ2 + η2 −M2) + 2 σb θ(−η)jηjδ(M
2 − η2 − λ2) , (24)
Therefore, ϕ is a generalized free eld, which can be fully reconstructed (see e.g. sect.
II.6 of [20]) from the two-point function (22). The conditions (15) imply that %(λ2)dλ2 is
a positive measure on [M2, 1), thus ensuring that the underlying state space is a Hilbert
space. Brane Poincare invariance is manifest.
The spectrum of the ϕ-mass operator belongs to [M2, 1) and if −M  η < 0 has
an additional pure point contribution at M2 − η2. The states contributing to [M2, 1)
represent the Kaluza-Klein (KK) modes, whereas M2 − η2 is the mass of what is a bit
improperly (because ψb is actually a bound state) called zero mode. In this context
the pair (σ, σb) provides the weight each of these modes enters the eld ϕ, which is
the physical interpretation of (σ, σb) on the brane level. In particular, for η = 0 and
σ(λ) = piµδ(λ2 − µ2), the free eld with mass m2 = M2 + µ2 is localized on the brane.
The evaluation of the integral in Eq. (23) is straightforward in momentum space. For
the Fourier transform bw of w one gets
bw(p) = 2θ(p0) "θ(p2 −M2)pp2 −M2 σ(pp2 −M2 )
p2 −M2 + η2 + σb θ(−η)jηj2piδ(p




implying that for generic σ the induced eld ϕ does not satisfy the free Klein-Gordon
equation and cannot be derived from a local action (integral of a local density) on the
brane. Nevertheless, ϕ is a local eld because
[ϕ(x1) , ϕ(x2)] = −i
Z 1
0
dλ2 %(λ2)Dλ2(x12) . (26)
Thus the limit y ! 0 absorbs all noncausal eects, regarding the behavior of . From





= −i δ(x1 − x2)
Z 1
0





dλ2 %(λ2) <1 , (28)
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ϕ satises the conventional canonical commutation relation up to a nite multiplicative
eld renormalization.
The bound (28) selects a subclass Sren  S of pairs (σ, σb), generating brane elds with
distinguished ultraviolet (UV) behavior. Indeed, from (26) one obtains for the propagator
τ(x12) = ihTϕ(x1)ϕ(x2)i0 =
Z 1
0
dλ2 %(λ2) λ2(x12) , (29)







p2 −m2 + iε . (30)
In momentum space one has




p2 − λ2 + iε . (31)





)  C , p
E
= (−ip0,p) . (32)
Therefore, at large Euclidean momenta p
E
the ϕ-propagator decays at least like 1/p2
E
,
provided that (28) is satised. This is not the case when (28) is violated. In fact, for the





M2 − p2 − η
p2 −M2 + η2 + i , (33)







The above result can be used to construct renormalizable theories on the brane. The
simplest example coming in mind is the model





d4x : 3 : (x, 0) . (34)
Giving up locality in the bulk implies that the quantization of (34) is not uniquely dened:
one must choose (σ, σb) 2 S. If (σ, σb) 2 Sren, one gets both a renormalizable and local
theory on the brane. A concrete example is (σ, σb) = (µ
2/λ2, σb), where µ is a parameter.
Evaluating the integral (31), one gets
bτ
(µ2/λ2,σb)
(p) = − 1





p2 −M2 + i +
µ2




leading to a renormalizable perturbative expansion for the correlation functions of ϕ.
One may wonder if by a suitable choice of (σ, σb) one cannot further improve the 1/p
2
E
UV-decay of (35), getting a perturbatively nite theory on the brane. We observe in this









 and C 0() being some constants. Therefore, positivity of the metric in the state space
prevents an UV-decay faster then 1/p2
E
. On the contrary, allowing for violations of (15),
one can obtain UV-nite models on the brane. For instance, setting
σb = − µ
2
2η2
, η < 0 , (37)
in eq.(35), one has UV-nite perturbative expansion for the model (34). This property
can be used for developing an UV-regularization procedure on the brane.
We conclude this section with a discussion of brane conformal invariance. Although in
a dierent context, this issue is closely related to the celebrated AdS/CFT correspondence





postponing for a while the justication of the normalization factor. We also require that
σ(λ) has at most integrable singularity in λ = 0, namely
d > 1 . (39)






which is (see e.g. sect.IV.1 of [23]) the two-point function of a conformal covariant scalar
eld of dimension d, the lower bound (39) ensuring positivity. Therefore, our framework
provides a mechanism for generating local conformal scalar elds on the brane of any
dimension d > 1. With the exception of d = 3
2
, all these elds are induced by nonlocal









which holds [24] in the sense of distributions, one recovers from (40) the free massless
eld in the limit d! 1. This fact explains the choice of normalization in (38).
Summarizing, we described in this section the influence of a brane on the bulk quan-
tization. We considered for illustration the case of s = 1 noncompact extra dimensions,
but the framework and the results have a direct generalization to s  1. In that case
λ 7! (λ1, ..., λs), where λi will have discrete spectrum if the corresponding dimension is
compact.
3 Currents induced on a brane
The aim of this section is to display a link between bulk and brane symmetries, estab-
lishing further interesting features of the class Sren. We begin with some preliminary
considerations on classical level. Let Jα be a conserved current in the bulk. With our
choice of coordinates, this means that








dyJ0(x, y) , (43)
is time-independent if Jα decay fast enough when both jxj ! 1, y !1 andZ 1
−1
d3xJ4(x, 0) = 0 . (44)
Eq.(44), which is a direct consequence of (42) and the Gauss divergence theorem, repre-
sents a kind of integral boundary condition with transparent physical interpretation: Q
is conserved if and only if the total flux of the bulk current across R3  M3+1 vanishes
for any x0. Because of (42), the boundary induced current
jµ(x) = lim
y#0
Jµ(x, y) , (45)
is not conserved in general. As suggested by eq.(42), in order to construct a conserved
current in M3+1, we introduce the brane scalar eld
χ(x) = lim
y#0
∂yJ4(x, y) , (46)
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and dene
kµ(x) = jµ(x)− (∂µ 0  χ) (x) , (47)
where  denotes a convolution and 0 is dened by eq.(30). Now, eqs.(30,42,47) imply




Jµ(x, y) = lim
y#0
∂µJµ(x, y) . (49)
Together with (44), the condition (49) is a basic requirement for the validity of our
construction below.
Summarizing these classical considerations, we have seen that a conserved bulk current
Jα induces both a vector current jµ and a scalar eld χ on the brane ∂M. Generally, jµ
is not conserved. The improved current kµ is conserved, but is expected to have worse
localization properties, due to the convolution appearing in eq.(47).











: (x, y)− η
Z 1
−1
d4x :  : (x, 0) , (50)




[1(x, y) + i2(x, y)] , (51)
whose real components 1 and 2 satisfy eqs.(3,4). The invariance of (50) under global
U(1) transformations implies the conservation of the current
Jα(x, y) = i : [
(∂α)− (∂α)] : (x, y) . (52)
Due to the boundary condition (4), one has
lim
y#0
J4(x, y) = 0 , 8x 2M3+1 , (53)
which shows in turn that the current (52) satises (44). Though J4 vanishes on the brane,
we emphasize that its y-derivative χ does not.
Fixing the data (σ, σb) 2 S, we quantize both 1 and 2 according to the scheme
developed in the previous section and are in position to compute any correlation function
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of the operators Jα,
,. The latter induce on the brane the elds jµ, χ, ϕ, ϕ by means
of
hjµ1(x1)   χ(xk)   ϕ(xk+m+1)   ϕ(xk+m+n+1)    i0 =
lim
yi#0
hJµ1(x1, y1)   ∂ykJ4(xk, yk)   (xk+m+1, yk+m+1)   (xk+m+n+1, yk+m+n+1)    i0 .
(54)
It is clear from eq.(54) that ϕ inherits the U(1)-symmetry from , which poses two main
questions:
(a) does a conserved current, generating the brane U(1)-invariance, exist?
(b) in case of armative answer to (a), does this current satisfy a Ward identity?
The answers to (a) and (b) are encoded in the correlation functions (54). Let us consider
















Notice that the distribution product at coinciding points in the integrand of eq. (55) is







θ(p0)θ(p2 − (λ1 + λ2)2)
p
p2 − (λ1 + λ2)2
p
p2 − (λ1 − λ2)2 (56)















1 − λ22)2Wλ21(x12)Wλ22(x12) , (57)
which conrms that jµ is not conserved. In fact, one can deduce from the correlators (54)
that
∂µjµ(x) = χ(x) . (58)
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Therefore, the improved quantum current kµ is conserved. In order to demonstrate that
it is precisely kµ which generates the brane U(1) symmetry, one must verify the corre-



























2 − λ21) λ21(x12)λ22(x13) . (60)
Combining eqs.(58-60) one gets
∂µhTkµ(x1)ϕ(x2)ϕ(x3)i0 = iCδ(x12)hTϕ(x1)ϕ(x3)i0 − iCδ(x13)hTϕ(x1)ϕ(x2)i0 , (61)
which is the conventional Ward identity, provided that the bound (28) holds. Otherwise,
the right hand side of (61) diverges, which demonstrates the special status of the brane
elds corresponding to Sren. We emphasize that the above analysis takes into account not
only the zero mode, but the whole KK-tower as well.
In conclusion, a conserved current Jα in the bulk induces both a vector current jµ and
scalar χ, the latter being essential in constructing a conserved brane current. We expect
therefore the χ-like degrees of freedom to be fundamental in model building with extra
space dimensions.
4 Anti-de Sitter bulk space







, a > 0 . (62)
Thus M is a slice of the ve-dimensional AdS space-time, whose boundary ∂M still
coincides with M3+1. The problem is to construct and investigate the scalar quantum





















g :  : (x, 0) .
(63)
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From (63) one infers the equation of motion(
∂µ∂µ − e2ay∂y e−4ay∂y + e−2ayM2

(x, y) = 0 , (64)
and the boundary condition (4). The quantization of  follows the scheme developed in
section 2. A modication of the analytic input (i) is required by the fact that instead of
the Hamiltonian −∂2y , one has now
−e2ay∂y e−4ay∂y + e−2ayM2 . (65)
The operator (65) denes a well-known [25, 26] singular boundary value problem on R+,






, ηb = (2− ν)a , (66)
one has [17]:
ψ(y, λ) = e2ay
h
Jν(λa
−1eay)eYν(λa−1)− Yν(λa−1eay) eJν(λa−1)i , λ 2 R+ , (67)
ψb(y) = δηηb
p





1 + eη2 [(1− 2eη)Zν(ζ) + 2ζZ 0ν(ζ)] , eη = ηa − 32 , (69)
Zν denoting the Bessel function Jν or Yν of rst and second kind respectively. Instead of
(9), now the completeness relation isZ 1
0
dλ µ(λ)ψ(y1, λ)ψ(y2, λ) + δηηb ψb(y1)ψb(y2) = e
2ay1 δ(y12) , (70)
where
µ(λ) =
λa−1eJ2ν (λa−1) + eY 2ν (λa−1) . (71)
The algebraic input (ii) must be also slightly modied: the creation and annihilation
operators fa(p, λ), a(p, λ), b(p), b(p)g satisfy eqs.(11-14) with the replacement
2piδ(λ1 − λ2) 7−! 1
µ(λ1)
δ(λ1 − λ2) . (72)
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The quantum eld  in the AdS background is then given by eq.(6) with the substitutions
dλ 7! 2pi µ(λ) dλ and (67,68). The eld ϕ induced on the brane is fully determined by its
two-point function















pi2 (1 + eη2)pλ2 + 2σbδηηb a(ν − 1)δ(λ2) . (74)
As expected, the Ka¨llen-Lehmann measure %
AdS
(λ2)dλ2 keeps trace of (σ, σb) 2 S. Due
to the interaction of  with the AdS background, there is in general no mass gap on the
brane even for M 6= 0. Bearing in mind this novelty with respect to the flat case, the
results of section 2 apply also to the slice of AdS space-time, considered above.
5 Conclusions
We have studied above quantum eld theory on a 4+1 dimensional bulk manifold with
boundary - a 3-brane which represents the observable 3+1 dimensional space-time. The
brane breaks the bulk Lorentz symmetry down to brane Lorentz symmetry, implying that
the very notion of space-like separation in the bulk is frame dependent. In this respect the
main idea of the present paper to impose locality on the brane, but not in the bulk, is very
natural. Once the requirement of locality in the bulk has been relaxed, certain freedom
appears in the process of bulk quantization. Technically, this freedom is fully parametrized
by (σ, σb) 2 S, each pair dening a generalized canonical commutation structure. We have
constructed the associated bulk elds and their brane relatives, whose basic properties
are captured by the spectral measure of the Ka¨llen-Lehmann representation of the two-
point function. From the latter we have inferred the existence of a subset Sren  S,
generating renormalizable models on the brane. In this context we have investigated also
the interplay between conserved bulk and brane currents and the validity of brane Ward
identities. Our analysis covers the full spectrum of bulk excitations and sheds new light
on the holographic principle. The results, obtained initially in flat bulk space, have been
extended to the case of AdS background.
The freedom in bulk quantization, discovered in this work, is an universal intrinsic
feature of quantum eld theory with extra dimensions and branes, which must be taken
in consideration. It can be used for improving the UV behavior of brane interactions and
15
for inducing conformal covariant elds on the brane. At the same time, the necessity of
choosing (σ, σb) 2 S reflects an ambiguity, which is not xed by quantum eld theory
itself. In order to obtain some information about (σ, σb), one has to resort most probably
to a more fundamental setting like string theory. Clarifying this point represents an
interesting open problem for further investigations.
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